Abstract. Let G be a finitep-group and let Z [G] denote the group ring of G over the field of p elements. The mod/? envelope of G, denoted by G*, is the set of elements of Zp [G] with coefficient-sum equal to 1. Many examples of/»-groups that have a normal complement in G* have been found, including ten of the fourteen different groups of order 16. This note proves that one of the remaining groups of order 16 has a normal complement. The remaining groups of order 16 are the dihedral, semidihedral, and generalized quaternion groups of order 2", n = 4. We will prove that these groups do not have a normal complement for any n > 4.
Proof. Let G be the dihedral group {a, b: a2 = 1, b2"+' = 1, a~lba = b~x}, or the semidihedral group (a, b: a2 = 1, b2"* = 1, a~xba = b2"~x} or the generalized quaternion group <a, b: a2 = b2", b2"* = 1, a~xba -b~x}, where n > 2.
First consider the case n = 2, i.e, G has order 16. Let N < G* and G* = GN. We will show that b4 G N, and hence N cannot be a normal complement. For any gGG, either g2 G <Z>4> or (bg)2 G <64>. Since N <¡ G* and G* = GN, for any a G G*, either a2 G <.b4}N or (ba)2 G (b4}N. Let (u, v) = u~xv~xuv denote the commutator of u and v. Clearly «¿>4>A/, G*) Ç N, and thus for any a G G*, either (a2, ß) G N for all ß G G*, or ((ba)2, ß) G N for all ß G G*. A similar computation shows that (h, b) G M, and the proof is complete. The above proof shows that a normal complement iV exists, but gives little information about how to find N. In fact, an explicit computer calculation shows that one satisfactory .A/ is the normal subgroup of G* generated by b2 + a + ab2, b + a + ab, 1 + ab + ab3 and b + a + ab3.
